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Abstract 

Let M be a complete Riemannian manifold wliicih either is compact or has a pole, 
and let be a positive smooth function on M. In the warped product M x ^ M, we study 
the flow by the mean curvature of a locally Lipschitz continuous graph on M and prove 
0^ that the flow exists for all time and that the evolving hypersurface is C°° for t > and 

is a graph for all t. Moreover, under certain conditions, the flow has a well defined limit. 

O 

(N 

3 1 Introduction 

_ _ 

\^ Let M be a n-dimensional manifold, {M ,g) a, n + 1 dimensional Riemannian manifold. 

^-H A map F : M X [0,T[ — > M such that every Ft := F{-,t) : M — > M is an immersion is 

^ called the mean curvature flow (MCF for short) of Fq if it is a solution of the equation 

•S 

d where H{-,t) is the mean curvature vector of the immersion Ff. 

^ We shall use the following convention signs for the mean curvature H, the Weingarten 

map A and the second fundamental form (h for the scalar valued version and a for its vector 
valued version). For a chosen unit normal vector N , they are: 
^ AX = -WxN, a{X,Y) = {VxY,N)N = {AX,Y)N, h{X,Y) = {a{XY),N) and 

OO H = trA = J2^=i h{Ei, Ei), for a local orthonormal frame Ei, En of the submanfold, and 

r4 H = Y.'i=MEr,Ei) = H N . _ 

\^ Along the rest of the paper, by Alt we shall denote both the immersion Ft : M — > M 

and the image Ft{M), as well as the Riemannian manifold (M, gt) with the metric gt induced 
by the immersion. Analogous notation will be used when we have a single immersion F : 
• • M — > M. Notice that, since in this paper we shall deal with graphs, all the immersions 

that will appear evolving by mean curvature flow will be, in fact, embeddings. 

^ In two fundamental papers [3] and [4], Ecker and Huisken studied the evolution of non- 

compact hypersurfaces in the Euclidean Space. In [3] they studied the evolution of a graph 
in M"+^ and showed that 

(A) If Fq a "locally Lipschitz" continuous graph and has linear growth rate for its height, 
then (1.1) with initial condition Fq has a smooth solution for all time. 

(B) If, moreover, Fq is "stright" at the inflnity, Ff asymptotically approaches a selfsimilar 
solution of (1.1). They give an example showing that the condition cannot be weakened. 
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In [4], Ecker and Huisken obtained some interior estimates and applied them to prove 
that the hypothesis of hnear growth in (A) is not necessary, that is: 

(A') If Fq a "locally Lipschitz" continuous graph, then (1.1) with initial condition Fq has 
a smooth solution for all time. 

In [12] and [13], Unterberger extended result (A') to the Hyperbolic Space H"^"*^ and 
gave a result of type (B). In this space, the first problem to face with is the choosing of the 
right concept of "graph" . A natural one is to say that a hypersurface M of T-T''^^ is a graph 
over a totally geodesic hypersurface Ti.^ if all the geodesies orthogonal to TC^ cut M once and 
transversally (we shall call it a geodesic graph). But, in his thesis [12], Unterberger found an 
example of hypersurface which is a geodesic graph but loses this property when it evolves 
under (1.1). Then he considered another concept of graph. Let p G 7^" be a fixed point, T 
a geodesic through p orthogonal to W". We shall call equidistant curves all the curves which 
are at constant distance from T. Then we say that M is an equidistant graph over TC"' if it 
cuts once and transversally all the equidistant curves. Unterberger proved the exact analog 
of (A') for equidistant graphs. As a result of type (B), he proved that if Fq : M — > H"''^^ is a 
"locally Lipschitz" equidistant graph and is at bounded distance from Ti", then it converges 
asymptotically to H"'. 

After T^"-"*"^, other ambient spaces natural for trying to extend the results of Ecker and 
Huisken are products M x M or, more generally, warped products M x ^ M or M x ^ M. As 
usual, by a warped product M x^J\f of two Ricmannian manifolds {M,g) and {M,h) we 
understand the riemannian manifold [Ai xM,g + (p'^h), being if : Ai — > M a positive smooth 
map. For these spaces it is natural to say that a hypersurface of M x^R. (or R x^ M) is 
a graph if it is a graph of a function u : M — > M. and u{M) cuts transversally the curves 
s I— (x, s). The interest in the last years for studying minimal and constant mean curvature 
surfaces in these ambient spaces produces also a natural interest on the study of MCF on 
them. 

When ip{s) = coshs and M = W\ M x<^ M is and the concept of being a graph 

coincides with that of geodesic graph in K""^^. Then the counterexample of Unterberger 
gives us few hope of getting general results. Computations of the evolution of the gradient of 
u (see the appendix) give some analytic reasons of the failing of the preservation of geodesic 
graphs under MCF. Also the last paragraph in Remark 4 and the pictures in the appendix 
can help to get some gometric insight on this fact. 

When M = "H", xq e M and (p{x) = cosh{dist{xQ, x)), M x^Ris 7^"+^ and the concept 
of being a graph coincides with that of equidistant graph in Ti.^~^^. Then, general M Xi^ M 
seem to be good general ambient spaces where to extend results of type (A') and (B). In 
this paper we show that this is in fact the case, proving an extension of (A') for general 
M XipM. (theorems 9, 11 and 13), where the only conditions to be satisfied by M and ip are: 

the quotients arc bounded, the curvature of M and all its covariant derivatives are 

f 

bounded and, when M is non-compact, M has a pole (that is, a point with empty cut-locus). 
May be the last condition can be weakened with some stronger analytic tools. On the other 
hand, like in [4], the only condition for Mq is to be a "locally Lipschitz" graph. We also get 
a result of type (B) (theorems 15 and 16) imposing on Mq the condition that its distance to 
M is bounded on it and on M a pinching condition on its sectional curvature related to the 
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pinching of the hessian of ^p. 

We use mainly the methods in [4] and [13], where we have to introduce necessary technical 
tricks to choose the right functions to get estimates having into account the complications 
introduced by the terms containing ip and the curvature of M. We also needed to use the 
comparison theory of Riemannian Geometry to bound some functions of the distance to a 
point or to a hypersurface. Moreover we cannot use barriers as it is done in [13] because 
we are not in a model space where we know the evolution of some hypersurfaces and, at 
some points, we need to substitute barriers arguments for others (see the end of the proofs 
of Theorem 10 and Lemma 14). 

Somewhat surprising for us has been the fact that the qualitative results of type (A') 
(not the estimates) do not depend on the curvature of M. 

In contrast, the curvature of M plays an essential role in the theorem of convergence. 

The paper is organized as follows: in section 2 we state the notation and recall some 
lemmas that will be used later. In section 3 we collect the properties of the ambient spaces 
and their hypersurfaces that we shall need. Section 4 is a short comment about short time 
existence when M is compact and also a useful description of the evolution of some geometric 
quantities under an equivalent flow in the direction of the last coordinate u in M x<^ M. In 
section 5 we give the gradient etimate, which, when M is compact, is enough to conclude 
the preservation of the property of being a graph under MCF . In section 6 we obtain the 
higher order estimates which give rise to the long time existence (and conclude -module the 
existence theorems below- with the main theorems of the paper when the initial condition is 
smooth). In section 7 we complete the discussion of the existence when M is non-compact, 
and, in section 8 we discuss the existence theorems for Lipschitz initial conditions. It is more 
usual to give the theorems for smooth and Lipschitz initial conditions simultaneously but, 
for the sake of non expert readers, we preferred to do it separately. In this way appears more 
clearly why in the Lipschitz case we cannot use the initial conditions to boimd the second 
derivatives and beyond, which forces us to introduce bounds depending on t although these 
are becoming worse when t goes to 0. Finally, in section 9 we give a case where the flow has 
a limit and determine the limit. 

Acknowledgments: This work was done while the first author was Visiting Professor 
at the University of Valencia in 2008, supported by a "ayuda del Ministerio de Educacion y 
Ciencia SAB2006-0073." He wants to thank that university and its Department of Geometry 
and Topology by the facilities they gave him. 

Second author was partially supported by DGI(Spain) and FEDER Project MTM2007- 
65852. 

2 Preliminaries 

In this paper we shall consider a Riemannian manifold {M,g) and an immersion F : 
M — > M into another Riemannian manifold {M,g), and we shall denote by g the metric 
induced on M by the immersion F. 

We shall use the notation \X\ or {X,Y) for indicating the ^-norm, ^-norm or ^(-norm of 
X or the ^-product, ^-product or ^-product of X and Y X and Y are, respectively, tangent 



3 



to M, M or F{M). 

For any vector X G Tp(^^^M, we shall denote by the component of X tangent to 
F{M). 

We shall use V, V and V to denote the covariant derivative and the gradient in (M,g), 
{M,g) and (F(M),g) respectively. By A, A and A we shall denote the corresponding 

laplacians. The convention sign for the laplacians will be: A/ = trV^/. 
For any A G M, we shall use the notation: 

s\{t) is the solution of the equation s" + As = satisfying s(0) = , c\{t) = s\{t) 

These functions satisfy the following computational rules: 

Ca + ^ 4 = Ij C4A = cl- X si, S4X = sxcx. (2.1) 

When A < one has sxit) = sinh(y|A| t) /y|A| and cx{t) = cosh(y|A| t). 

Given a point xq in M, we shall denote by f the ^-distance to xq in M. We shall denote by 
at X e M the vector space orthogonal to dp := Vf in TxM. Given a function / : M — > M, 

/(f) will mean for. The comparison theorem for the hessian of the distance function f says 

Lemma 1 (cfr [6] or [11]) If Sec > n, then, at points of M between xq and its cutlocus, 
one has 



9X < ^(f) g, Ar< (n- 1) ^(f). (2.2) 



This will be essential for the gradient estimates we shall obtain in Theorem 7. The next 
comparison theorem will be used for proving the convergence of the solution of (1.1) in 
certain cases. 

Lemma 2 (cf. [10]) Let M be a complete riemannian manifold, with sectional curvature 
Sec < k < 0, let M be a complete totally geodesic hypersurface of M . Let i be the g- 
distance to M , di := Vi. Let us denote by S^ the Weingarten map (associated to di)nof the 
hypersurface tiM at distance i of M (that is, S^X = —Vxdi for every X G Tt^M). At 
every point between M and the cut locus of M in M one has 

{SeX,X) < k—\X\'^ for every X G TreM. (2.3) 

Ck 

Also in the proof of convergence we shall use the following maximum principle for noncompact 
manifolds due to Ecker and Huisken: 

Lemma 3 ([4] Th. 4.3) Let M be a manifold with a family of Riemannian metrics gt 
satisfying, for some xq, 

vol,,(Sf(xo))<e'=(i+^'), 

where Br*{xo) is the gt-ball of radius r centered at xq. Let / : M x [0, T] — ^ M be a function 
which is smooth on Mx]0,T] and continuous on M x [0,r], satisfying: 

Of 

(i) < Afi'*/ + {a,V^'f) + b f, with \a\ and \b\ bounded on M x [0,T] 
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(ii) f{;0)<0 

(in) (^J e'^''^\V<^*ffd^it^ dt < oo for some a>0 



(iv) SUPMX[0,T] 



dg 
dt 



< (3 for some (3 < oo. 



Then f < on M x [0,T]. 

3 The geometric setting 

3.1 The ambient space 

Given {M,g) a n-dimensional riemannian manifold and (p : M — > a function, 
our ambient space will he M = (M x M,^) with g = g + ^{x)'^ du^ (usually denoted as 
M x^M). 

If X (resp.^) is a vector field (resp. a differential form) on M, we shall denote by 
the same letter the vector fields (resp. forms) on M induced by the family of embeddings 
js : M — > M X {s} c M xR is defined by js{x) = {x, s). 

In a ^-orthonormasl local frame ei,...,e„ of (M,g), if 9^,. ..,6^ is the dual frame, g = 
9 + ... + ^" . In the extension of this frame to M completed with du, g is written as 
g = (p'^du^ + (9y + ... + (r)2. Then, if we denote = ipdu, t = 9^, ... X = one 

llctS 

g=(9y+itf+...+ ...,+ioy 

and its dual frame eo, ei, e„ in M is a ^-orthonormal frame related with the by = ei, 

and eo = - ^ =: -Ou 

(f ou (p 

From now on i,j = 1, n and a, 5 = 0, 1, n. In this subsection we shall use he Einstein 
convention of summing repeated indices when one is a subindex and the other a super-index. 

3.1.1 The Levi-Civita connection of M 

In the frames given above, we compute the Cartan connection forms cJ^ defined by 



d9' = -J2^lA9'' (3.1) 

a=0 



Differentiating the formulae for 9 and comparing with (3.1), we have 

d9^ = d(pAdu = ei{(p)9' A -9° = --ei{ip)f A = A 1 
M = d9' = -u] A = -uj) A ^ - 4 A / 
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and the solution of these two equations is, denoting ipi := ei{ip), 

4 = - ^ ^° = du, u) = u\. (3.2) 

The relation between uj and V is 

VxF = X(F«)e„ + r"a;^(X)e6, 

then we have 

VeoCo = c4(eo)ej = --V(^ Vgoej = a;f(eo)ej + a^(eo)eo = — eo = '^du ,^ 
_ _ ^ (3.3) 

Ve^eo = iol{ei)ej = Ve^ej = a;^(ei)efe + a;^(ei)eo = Vg-.ej. 

3.1.2 The curvature of M 

In the frame Ca, the curvature tensor i? and the curvature 2-forms are related by 

Robed = ^t{ea,eb) 

and the Cartan equations say 

dwt = -i:j'',Aut-nl (3.4) 
Differentiating in (3.2) and applying equations (3.4), 

n;. = ^-4Acjo = ^, no = ^w -"^uUf. (3.5) 

where O*- are the curvature 2-forms of {M,g). 

From the expressions for the curvature 2-forms we obtain for the components of the 
curvature tensor: 



Roijk 


= Q^(eo,ei) 


RoiOk 


= ^^o(eo,ei) 


Rijkl 


= ^fc(ei,ej) 



( ^Wa^ - ^Q^aA (eo,e.) = + (%e,) = -^(e.,e.) 

\ p if ■' J If if \ / (f 

^ki'^i,ej) = Rijkl- (3.6) 

Remark 1 Prom the formulae for u and R given above it follows that the norms (in the 
metric induced by g) of R and V^R (i = 0, 1,2, ...) are bounded if the norms (in the metric 

induced by g) of R, VR, , (i = 1,2, ...) are bounded. 

The general setting in this paper is that the geometry of M is bounded, that is, \R\, 
\VR\ (i = 0,1,2,...; are bounded. 
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Remark 2 From the formulae for the covariant derivatives it follows that 
The hypersurfaces u = constant are totally geodesic in M. 

Fixed a xo G M, if Vip{xQ) = 0, the curve u i— (xq, u) is a geodesic and the curves 

u 1-^ {x,u) have constant geodesic curvature — —, and all the points in u ^ {x,u) are at 
constant distance from the curve u {xo,u) (are equidistant curves). 

Now we use the expression of the curvature components to obtain the sectional curvatures: 

SiO = RiOiO = Sij = Rijij = Sij, (3-7) 

Remark 3 When M is the simply connected space of constant sectional curvature X, M" 
and (p{x) = c\{r{x)) (r : M — > M defined by f(x) = dist^(xo,x) for some xq fixed), then 
M must be M""*"^ the simply connected space of constant sectional curvature X, as can be 
checked from the above formulae for curvatures. 

3.2 The submanifold 

3.2.1 The vectors and quantities N, Vu, a and v 

We consider an embedding F : M — > M given by the graph F{x) = {x,u{x)) of a 
function u : M — ^ M. 

The frame ej of M induces a frame (on the submanifold F{M)) Cj = F*ej = + Uidu = 
Ci + UiifCQ, where Ui = ei{u). In this frame, the matrix of the metric g of the submanifold 
and its inverse, and the dual frame 6^ are given by: 

gij = if^ Ui Uj + 5ij, 
ij ^ _ ip^ujuj (3.8) 

l + (^2|V^i|2 

A unit normal vector to F{M) can be found using ^ = aWu+bdu, imposing the condition 
(C) 6i) = dividing by the ^-norm. We choose 

^ _ -ip^Vu + du _ -ifS/u + eo 



Then {N,du) = . ^ and (A^,eo) 



V72|Vu|2 + l ^(^2|V^|5 



The gradient of u in F{M) can be computed using 

Vn = — , Vu = Vu^ = - (eo - (eo, N) N) =: -e^ (3.9) 
(p ip (f 
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or Vu = g^^UiCj. In both cases we obtain: 



Vn=^^i±S^ (3.10) 

l + (^2|Vii|2 



Prom (3.9) or (3.10) one gets 
and 



\Vuf = ^ fl - {N,eof) = (3.11) 



|V.|^ = ^-^ = i^^ (3.12) 



If we define a = {N, cq) and v = —, the above formulae read 

a 

Prom the above formulae we also get 

-ifVu + eo - -vN + eo ^ ip^v'^Vu - {v"^ - l)du. 
N= , Vn = \/u= ^ 

3.2.2 Relations of and V^u with the second fundamental form 

Por computations, on F{M) we shall consider another local frame orthonormal and 
satisfying {V EiEj)p = at the point p where we are doing the computations. Using it we 
compute the hessian of u. First: 

— _ _ — _ _ 
Ve-co = (-Ei,eo) VeoCo = - (-Ei,eo) . 



{V^u){Ei, Ej) = {Ve.Vu, Ej) = ( Vb, -(eo - (eo, N) N),Ej 



^ {Ei,eo) ( — ,Ej) - - {Ej,eo) ( — ,Ei) + {eo,N) -h{Ei,Ejj 



(3.14) 

its trace 

Au = -^(e^,V^) + —H. (3.15) 



and its norm 



iV^up = ^ (^y^Y + A^'l^l' - 4 A hie'^, V^), (3.16) 
ip \ I ip ip"^ 
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where Cq := eo — (eo, N) N = ipVu. 

For Vf we have, for every X tangent to F{M), 

{Vv,X) = - ^ {Va,X) = {{Vxeo,N) + (eo, VxiV)) 



cr \ \ <p I J a'^ \ \ \ if 



then 



Vv = v^U^,N\e'^ + Ae'^ 1 (3.17) 



and 



i;2Me([,V^) + ^(V(^,iV>(V(^,e(j >. (3.18) 



4 Evolution of u up to tangential diffeomorphisms and short 
time existence when M is compact. 

As it is well known, the equation (1.1) is not parabolic, but it is also known (see[5], or 
also [1])) that a solution F(p,t) of (1.1) can be written (as far as it remains a graph over 
M) as the composition F{p,t) = F($(p, t),t), where $(-,i) is a family of diffeomorphismd 
depending on t and F satisfies 

'OF \ 

and can be written, for each t, as a graph F(x,t) = {x,u{x,t)) over M. Using this 
parametrization of F the equation (4.1) becomes 

{d^,N)^=H, that is ^ = -H (4.2) 
ot at tp 

In order to apply the standard theory of P.D.E., we compute H in terms of n : M — > R and 
V. We shall use the vectors Cj and the expression for N given in section 3.2. The second 
fundamental form can be computed using the expressions (3.3) for V, which gives: 

{Aei, ej) = - {VeiN, ej) = ^ ^ (-V^.+^^o^{-(pVu + eo), e^- + ujipeo) 

= ^ (^(pi Uj + (p (v^^Vu,ej^ + (p'^UiUj (Vu, V(p^ + Ui(pj^ (4.3) 



9 



From (4.3) and (3.8), 

2 



(%Vu, Vu)] + 1 (Vu. V„\ (4.4) 



V \ yZ \ VU / J V \ I 

By substitution of this expression in (4.2), 

^ = Au - ^ VI,. + - ( Vn, V^) (4.5) 

which is a parabolic equation whereas v remains bounded. 

Then, when M is compact, the existence of solution of (4.5) for a small interval of time 
and smooth initial condition follows directly from the theory of parabolic equations. When 

M is non-compact, we postpone the discussion to section 7. 

For sections 7 and 8 it will be useful to know the evolution under (4.1) of A'', v and U. 
We get them now. 

Using the parametrization F{x,t) = {x,u{x,t)) and (3.3), 

ij ij ij 

= E Veo(ei + Ui^eo)) ej = ^ (- {N, eo) — + {n, V^) Vu\ 

From the above evolution equation and the definition of v, 



dv 
di 



du 

di 



V99 



(4.6) 



From (4.4) we get the following evolution for H 
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The following observation will also be useful 

Proposition 4 Let f be a function defined on Mt, f = f o F{-,t), then |V/| is bounded 
i/|V/| and \Vu\ are bounded, and |V^/| is bounded «/|V^/|, |V/|, \A\, \Vu\ and |V^«| are 
bounded 

Proof Let X be a vector field over M, since X := F{-,t)^X = X + (Vu, X^ cq, 
Vlx) = df(F{;t),X) = (v/,F(-,t),x) = (V/,X+ (vn,x)eo) 



Vf,Xj + {Vf,eo)(Vu,X'^, then 
V/ = V/ - ( V/, eo) eo + (V/, eo) Vu (4.8) 

Using the above expressions for X and V/ and the formulae (3.3) for V, 



=VxV/ + a{X, V/) - (VxV/ + a{X, V/), eo) eo 

+ (vf, (^X, eo - (V«, ^) (-eo + V«) + (V^V/ + a{X, V/), eo) 

+ (V/,eo) |^VxV«+(x,V«)^Vn,^^eo^ - (x, V«) ^V/, eo. (4.9) 

It follows from (4.8) that |V/| is bounded if |V/| and \Vu\ are bounded, and from (4.9) that 
IV^/I is bounded if |V^/|, |V/|, |yl|, |Vtt| and \V'^u\ are bounded. □ 



5 Preserving the property of being a graph 

The condition "cuts transvcrsaly the curves s (x, s)" in the definition of a graph means 

that a := {N,eo) > 0, which is equivalent to say 1 < v = — < oo. Therefore, our first goal is 

(J 
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to obtain an upper bound for v. To achieve this, we need the evolution equation for v under 
(1.1). 

Lemma 5 Under (1.1), v evolves as 

— = Av- -\Vvr + - (Vv, Vif) - v\Ar 
ot V (p 

where "i" is the unit vector in the direction Vn. 

Proof First we compute Aa. To do so, we shaU use an orthonormal frame of M of the 
form El,..., En as was introduced before. 

Act = EiEi {N, eo) = Ei {{Ve,N, cq) + {N, Ve.eo)) (5.2) 

Ei{VE,N,eo) = -Ei{h{Ei,4)) = -Vs,(/i)(^„ 4) - h{Ei,VE,4) 

= -V^T{h){Ei,Ei) + RE-^TE^^ - {AEi,VEA^o - {eo,N) N)) 

= -eJ{H) + Ric{eJ,N) + /^AEi, {Ei,eo) - i^Ei, (eo, N) AEi) 

= -eJ{H) + Ric{4,N)+/A4,^\-{eo,N)\Af (5.3) 



Ei {N,VE,eo) = Ei (^N,-{Ei,eo) 

- -0 (n, I) - (iV, ^) (.,.0) H . I) (4, . (5.4) 

Then 

Act = -e'^{H) + Ric{e'^ , N) + /^Ae'^ , - (eo, iV) 
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Now, let us compute 
Ric{el, N) = Ric{eQ, N) - (eo, A^) Ric{N, N) 

= Ric ( eo, Z^l^^ _ 1 ffie ( Z^l^, z^^Vu + eoA 

\ V I V \ V V I 

= -Ric(eo,eo) — —Ric{eo,Vu) — '^RiciVu^Vu) + 2-^i?ic(eo, Vu) 5-i?zc(eo,eo) 

V V 

If 1 \ ^. ,_ _ , ip ( 2 \ -. ._ ^ , 



- ( 1 - ^ ) i?zc(eo,eo) - - ( 1 - ^ ) 



i?zc(eo,eo) I 1 ^ Ric{eo,Vu) ^i2zc(Vu, Vu). (5.6) 



^3 



From the expressions (3.6) of the components of R, it follows that 



then 



___ — ____ Aip 

Ric{eo, eo) = -R(eo, ej, eo, e^) = (5.7) 

Ric{eo,Vu)=0 (5.8) 

Ric{Vu, Vn) = Ric{Vu, Vn) = —^Ric^. (5.9) 



/ if V \ / \ if / V 

(5.10) 



if / <p if \ / 

— 2 

= -^(eJ,7V) + ^/i(e^, V^) + ^ (e;[, Vy.) <iV, Vv?) (5.11) 

which gives 

Aa = -eUH) - - (l ' \) ^ - - U - \) R^cri■ " + -h{e\ V^) 
t;\ ) if V \ J V ip 

- ^(4,iV) + ^ (e([, Vv?) {N,V^) -/n,^\ {N,eo)H, that is, using (3.18) 



Aa = -^^(H) - - (1 - ^) ^ - - (1 - 4 ) ^-ti - ^(^0^ A^) - 

+ ^(V.,V^)-/iV,?^\^. (5.12) 

if \ if V 
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On the other hand: 

yv = -\va (5.13) 



Av = EiEiV = Ei ( = iVf^l' - l^^iEiicr) = ^|Vi;p - v'^Aa. (5.14) 



dv I da 2 //ViV \ /^^ Veo\\ 



V I (- Vi/, eo) - ( iV, i/ (A^, eo) ^ ) 



= v'^e^{H) + vH(^N,^j. (5.15) 
Joining the expressions for Av, Aa and — , we obtain 

^ = A.; - - - fl - ^1 f — + R^^A - — -v\Af + ^ {Vv, V^) 

Ot V \ J \ if j if 



Defining := N - {N, eo) eg = N - aeo, 

V^^{4,N) = vV (eo - ct{N'' + aeo), + creo) 
= a^-aVV(iV\iV^)-a3 2^ 

2 , Aih i\Th\ 



= -.(^-^)^^-bMN\N^). (5.16) 



V \ / (p V 

and sustitution in the evolution equation for v gives 

- = Av--\Vv\^-v[l--,^ (^f + 

-^1^12 + - (Vu,V¥5) (5.17) 

Let us remark that iV = — , then i = . ^, , , and ttttti ttttt 



is 



-Ric{eo, eo) + -RoiOi- ^ 
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Notation 1 A general hypothesis in this work is that M has bounded geometry, in particular 

iVifl ivVl 

that , and \R\ are bounded. Then there are constants ri, lli, 112 o.nd u satisfying 

if if 

rj = sup 1^^^ fx^g < < ^2^, Sec > ji (5.18) 

M ^ 

and we define the constant v by the formula 

fi= (5.19) 

n — 1 

Theorem 6 Let M be compact. Let F{x,t) : M — > M be a solution of (1.1) defined on a 
time interval [0, T[. If M = M x^W and Mq is a graph over M, then Mt is a graph over M 
for every t G [0,T[. With more precision: v{F{x,t) < maxMo v e^""-*^)*^*. 

Proof Using the notation (5.18) and (5.19), we have 

-(Ric^^-^{'i,l) + ^ + < (n - (5.20) 

Prom (5.1) and forgetting about the negative summands, we reach the inequality: 

dv 2 2 

— <Av- -iVvp + - CVv, V(p) + (n- 1)1^ V. (5.21) 

Ot V (f 

By the maximum principle, v is bounded by the solution of y'{t) = (n — l)z^ y{t) with the 
initial condition y{0) = vq := sup^^^ v, then v < uoe^""''^^^*, as claimed. 

On the other hand, if Mt is a graph over a proper subset of M and M is compact, it 
cannot be homeomorphic to M, then if Mq is a graph over all M it cannot move to Mt 
without producing singularities, which means t ^ [0, T[. From this and the estimate on v it 
follows that Mt remains to be a graph aver M for all time in [0,r[. □ 



Theorem 7 Let M be complete non compact with a pole xq. Let Mt be a solution of (1.1) 
defined on a maximal time interval [0,T[. If M = M x^M. and Mq is a graph over M, then 

V o F{x, t) remains bounded at each point F{x, t) for every t € [0, T[. 

Remark The hypothesis M non compact also imposes fi < (cf. {5.18)). On the other 
hand, if Sec > 0, it is also true that Sec > /j,' for every ji' < 0, then we can suppose, without 
loose of generality, that fi <0. 

Proof Let us recall that r denotes the ^-distance from xq. As in the compact case, we have 
the inequality (5.20). An standard procedure to apply the maximum principle to v in the 
non-compact case is to look at the evolution of the product (pv of v times some cut-function 
(f) suitably chosen. Inspired in [5] and [13], we define first a function 

C(r,t) = /(f)e^-*, 
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where the function / and the constant /3 wiU be defined later, and 

: [0, oo[^ M, by .^(C) = a {f{p) - C)^ (5.22) 

where, again, the constant a > will be chosen later. Let us observe that: 

<^' = -2a (/(p)-C) <Oif C</(p), and = 2a > (5.23) 

In order to compute the evolution of cpv we need first to compute the 
evolution of f. Since Vf = Vf , which we shall denote dp, 

(rj \ n n n 

- - A j f = HN{r) - EiEi? =H{N,dr)-Y^ i^^i^^' ^) " E <^i' ^ ^i^) 

n n n 



i=l 



i=l 



Denoting E^- := Ei - {Ei, dp)df- {Ei, cq) cq. 



(I - ^) ^ = - E ^^^) - E ^o) ^ (eo, E,) 

^ ' i=l i=l 



by (2.2) 



=^(n-|a,p-|eo^p) 



^T|2 



(5.24) 



evolution of /(f) := / o r for / : 



^ -a") /(f) = /'f|-A)f-r 



5i 



with /' > 



> 

by (2.2) 



/(_^.(„_I^^Y-14I^)-^^I4I^)-/" 

= (-/" + I^f I' + /t (fe^r^ - «) - /'^liiJ ^ 

In order that /' > and the first summand in the last expression be zero, we take / 
and the above expression gives 

(I - a) /(f) > c, - n) - s,^|eo^|2>c, (|ej|2 - n) - r? s,|4l^ (5-26) 



(5.25) 

= ^ 
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where we have used 




< 













< T] for the second inequahty. 



evolution of C, 

d_ 
dt 



A C = e 



d_ 

dt 



(5.26) 



(c;. -n)-r, s,\e^f) + (3 n e^"* ^ (5.27) 



evolution of (j) := (p o ( 

First, let us observe that = ^'VC- Then 



■kl2 



< 

i'<0 and(5.27) 



n e 



fint 



i-Ti2 |-T|2 I 1^ 

"A* 



y2 



Now, we choose 



(3 = —II ^1 + — ^ , (notice that P = v when = 1) 
By substitution of this value of (5 in (5.28), using c^ > y^[/"Ts^, we obtain 



d_ 
dt 



-A)0<</,'e^"*c^|4p 



4.12 



0'2 

(5.28) 
(5.29) 

(5.30) 



and, finaly, the evolution of (f>v 



dt 



A I (0 u) = u 



|-a)^+* 



dt 



A U - 2 (V(/), Vv) 



< -V 



= —2av 



y2 

- 2 (V(/), Vi;) 

|V0|2 



v\A\'^ + v(l-^) (n-l)z/ 



^/2 



+ 2((V(H,^)-(V0,^ 



- (l)v\Af + 4>v(^l- (n - 1)1/ - 2 (vi4>v), ^ 



<2( V((^i;) 



ip V 



- 2av + 27??;|V0| + (n - l)z/(/)f;, (5.31) 



|V<y5| |V</?| 

where we have used u > and < < rj, for the last inequality, li v < 0, we can 

forget the last summand in (5.31). To consider both cases in the future we define 

' ly li ly > 
I if u<0' 



(5.32) 
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Now, from the obvious inequality (|V0| — 20 ) > 0, we obtain 

2riv\V4>\ < "^v^-^ + 2r?<^'2^ (5.33) 

Then, if we take a = ^1 + , we obtain 

^-A]{(i)v)<2 (v{(Pv), ^ - — \ + 2ri^ ^v + {n- l)eu (j)v 
at J \ ip V / 

= 2 ( V(0t;), ^ - — ) + (2rf + (n - l)ev) ^v. (5.34) 
\ V / 



Let us consider the sets 

5,,t = {F(x,t) ; ^(p)-^(f(F(x,t)))e^"*>0}, S,,, = [J 5^,*, 
^ ^ t6[0,r) 

(where ")" means "]" if r < T and "[" if r = T). Observe that 0u vanishes on the boundary 
of Sp^t and that 

5^,0 = {F{x, 0; r{F{x, 0)) < p} = r^\p) n Mq. 

By the maximum principle applied to the function (pv, on Sp,T) (pv{F{x, t)) is bounded from 

above by the solution of the equation y' = (2r/^ + (n — l)ev)y with the initial conditions 

y(0) = sup^t;, that is, 
Sp,o 



a ( ^(p) - ^(f(F(^,t)))e/3"* )'i;(F(x,0) 
p p 



<sup(t)v e(2'?'+("-i)^^)t 

2 



<af^(p)^ sup^; e^^'j'+C'^-iM* (5.35) 



which, for every F{x,t) in the slice Mt, taking p big enough, gives an upper bound of 
v{F{x,t)) (depending on t and p), which finishes the proof of the claim. □ 



Remark 4 Let us observe that, unlike in the compact case, the conclusion of Theorem 7 
is just a bound on v, with no conclusion about the preservation of the property of being a 

graph, which will be a consequence of the proof of the existence theorem in section 7 and the 
prolongation theorem 10. The reason of this is that, when Mt is not compact, it is not clear 
that V bounded at each point implies Mt is a graph. 

However, if Mf is complete and has \ A\ bounded by an universal constant, it is true that 
V bounded at each point implies that Mt is a graph over M . In fact, let us suppose that Mt 
is a graph over a proper subset of M and has \A\ bounded, let x ^ M such that the line 
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L = {x} X M does not cut Mt. The distance d to L is a C°° function on Mt, and its infimum 
is the distance 5 between Mt and L. Then, by Omori's Lemma (cf [9]), there is a sequence 
of points pn € Mt such that d{pn) ~ ^ < ^ o.i^d |V(i|(pn) < ^• 

For each pn, let qn G L such that dist((7„,p„) = d{pn)- Let 7n(i) he the geodesic from qn 
to Pn realizing d{pn). It is orthogonal to L at qn and, since the hypersurfaces u = constant 
are totally geodesic (cf. Remark 2), 'jn is contained in such a hypersurface and orthogonal 
to the vector field eo . Moreover, it is an integral curve of Vd which is then, orthogonal to 
cq. On the other hand Vd = Vd — (\/d,N'j N, then |V(i|(p„) < ^ implies \/d{pn) approach 
N{p n) as n ^ CO, then, as n ^ oo, (eo,iV)p^ approach and v goes to oo. But, taking 
p > dist(a;,xo), this is in contradiction with (5.35). Then, on [0,T[, Mt remains to be a 
graphic over all M. 

The property above gives a geometric difference between the concepts of graph in M x^pM 
and M M. In fact, for graphs in x^p M and (p not constant, it is no longer true that 
the hypersurfaces u = constant be totally geodesic, then Vd is not orthogonal to cq and the 
argument fails. It is not dificult, using this idea, to construct a hypersurface in the hyperbolic 
space TC^^^ which is complete, a geodesic graph on an open set U ofTC^ (U ^ H^) and with v 
bounded. For instance, in the Poincare's ball model, take a disc with boundary at the infinite 
and parallel to the equator. 

Remark 5 For use in the long time existence theorem, it is convenient to give a more 
explicit (although less precise) bound for v than that obtained in (5.35). For this, first we 
consider a smaller set Sp^t,j than Sp^t, defined, for any positive -j < 1, by 

Sp,t,^ = {F{x,t) ; 7^(P) - ^{riF{x,t)))e^^' > 0} C Sp,t, and Sp,r,^ = Ute[o,r)Sp,t,j. 
Prom (5.35) and some obvious inequlities one has, for every F{x,t) G Sr,t,7; 

( ^{R)) (1 - jfv{F{x,t)) <a( ^{R)) supv e(2'?'+("-i)^^)*, (5.36) 



a 



that is, for every F{x, t) G SR^t,'y 

(1 - -f)\{F{x, t)) < sup V e(V+(n-i)ev)r_ (5 37^ 

Sr,o 

Then, if v is bounded on Mq, one has v{F{x, t)) < (1 — 7)"^ (sup^g v) e(2^;^+("-i)<:!^)r_ 5j^gg 
this formula is true for any 7 between and 1, we have 

v{F{x,t)) < supv e^^'j'+C^-iM^. (5.38) 
Mo 

Notation 2 For the following sections, it will be convenient to introduce the following no- 
tation: given any p > and < 7 < 1, we define pi, i = 1,2, 3, ... by: 

-/X -/X ' -n -n 

It is sim,portant to reamrk that Spj,T,7 = §pi+i,T C Spj,r and also that, given any p' > 0, i 
and < 7 < 1, there is a p such that p' = pi. 
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6 Long time existence 

First remember the evolution of \A\^, which we take from [2] (erasing the terms with H) 
because the notation used there is more similar to that of this paper. 

= A\Af - 2| VA|2 + 2|y4|2 (I A|2 + Ric{N, N)) 

— 4^ {RAEiEjAEiEj — RAEiEjEiAEj) — 2^ AEiRNEjEiEj + ^ EjRNEiAEiEj) ■ 

(6.1) 

In our case, using the orthonormal local frame N, Ei, E2, En such that AEi = kiE^, 
we get 



d\A\^ 
dt 



A|A|2 - 2\\7Af + 2| + 2\A\'^Ric{N, N) 

-4^ [kf - kikj) Re.EjE.Ej - 2 ^ /Cj {VEiRNEjE.Ej + y EjRNEiEiEj) 

A|A|2 - 2\VA\^ + 2| + 2\A\^Ric{N, N) 



-^{yii^^i- ^i^j) ^EiE^EiEj + {kj - kjki) REjEiEjEi 
\ i<j i<j 

-2Y,ki[5RN{Ei,Ei)) 

i 

= A|A|2 - 2\VA\^ + 2| + 2\A\^Ric{N, N) 
- 4 ^ (fei - kjf Re,EjE,Ej - 2 (a, IRn) • (6.2) 

i<i 

where a is the second fundamental form of Mt and <^-RAr(X, y) := [VxRNEjYEj + ^EjRNYXEj)- 

We cannot deduce any bound for \A\ directly from (6.2). Then, as in [4] and many other 
places (in fact, working exactly as in [2]) we shall study the evolution of = (■^ o -y)!^!^, 
where 

i^iv) := (6.3) 

if M is compact 



6:= { 



2(supMo ?;2)e2(("-i)^)^ 

1 if M is complete non-compact 
2(supMo 'y2)e2(V+(n-i)ei')T and v is bounded on Mq ■ (^•^) 

(1—7)^ if M is complete non-compact 

2(sup5 g y2-^g2(2ri'^+(n-i)eu)T and V IS not bounded on Mq 

From these definitions of ip and S it follows that, for F(x,t) G Mf, t G [0,r[, when v is 
bounded on Mq and for F{x,t) G Sp,r,7 in the other case. 
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T^<V'<7' f-- + ^H-^ + ^<0. -^7^ + 2t = -2'5<0' (6-5) 

i-6 S \ V yv (■00 2^) ■0 ' V y 

. 1 V2 ih' \/2 1 V'' 4 , v"^ -lib' , 

S< - , j= < -V < 4 , ^ < < T and < < 4(1 - 25). 

(6.6) 

Lemma 8 For every F{x, t) G F{M x [0, r[) i/ v is universally bounded on Mq, and for 
every F{x,t) G Spi,T in other case, one has: 

^ - < -1 (Vfl, VV') - 2502 + 05 g + £ i„/jere 
» = f ^ V - — f ^ + ^-^1 + ^) T + ^) + - i^-(iV, AT)!, 



d_ 
di 



e = 2VV |5i?iv|. (6.7) 
Proof The evolution of q is given by those of ijj and |Ap according to the formula: 

a) s = (I - a) + - a) - 2 (VV^, VI Ap) 

= 1^1 V' - a) t; - |A| V I Vt;p + V - a) - 2 < V|A|2) . (6.8) 

For the last summand in (6.8), we use the following inequality (cf. [4], page 555, but be 
aware that in [4] is used (p{v'^) instead of ip{v).) 

-2 (W, V\A\') < (Vfl, W) + 2V'|V|A||2 + ^\Af\Vi;f (6.9) 

and Kato's inequality 

|V|A||2 < |VA|2.( equivalents \V\A\'^f < 4\A\^\VA\^) (6.10) 
From (6.8), (6.9) and (6.10), 

^ - A^ g < 1^1 V (-^|V^|' + ^ (V^, V<^) - v\Af 



U - ^ + ^^cii+ ^ (l,l) 



- \A\'i;" \Vv\' 

+ ip I -2|VA|2 + 2|^|4 + 2\A\mic{N, N)-4^{ki- kjf Re,e,e,e, - 2 (a, 5iiiv 
- i (Vg, W) + 2 |V^|2 + A|^|2|v^|2. (6.11) 
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Since tp' > 0, using Young's inequality xy < ex^ + jzv'^ with x = 2^—^, y = iVul and 

^ (p 

e := we conclude that 
AS 

- 1^1 V |V^;p 

+ 2 1^1^ + 2iP \A\^Ric{N, AT) - 4 V 51 (^i - ^j)' ^^EiE.E.E, + 2 |^||^i?iv| 
-i(V0,V^) + |^|A|2|V^p. (6.12) 
Next, let us bound and/or rearrange the different terms in (6.12). 

2 



|A|W + 2V'|^|^ + 2 V'l^l'^^iclAf,^) -4V'^(fei- fcjO'^?E,B,EiE, +2V'|^| l^i^Tvl 

+ (-^^ + 2^)s^ +2Ric{N,N)Q + 8\S^l-Ric{N,N)\3 + 2^\^RN\^/9. (6.14) 



because -4V^ Ei<,- {k^ - k,Y Re,e,e,e, < A,p4\A\^ E,<j Re,e,e,e, < 2^jA\A\%Scal-Ric{N, N)\. 
And the formula of the theorem follows putting all this together and using the relation be- 
tween R and R computed in section 3.1.2. □ 



Theorem 9 Let M be compact. If M = M x^M and Mq is a C°° graph over M, then 
(1.1) has a solution whith initial condition Mq, defined on a maximal time interval [0, oo[ 
and which is a graph for all t. More, when v < 0, \A\ is bounded on [0, oo[ with a bound 
which does not depend on t. 
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Proof From (6.5) and (6.6) we obtain the following inequalities and define the constants K 
and C by 

03 < |r/2 + 4(1 - 26) ez/ + (2 + 8n) sup \Ric\ =: K (6.15) 
^ M 



4 

C < ^ sup \VR\ =: C. (6.16) 



From these definitions of K and C and Lemma 4 it follows 



Aj0<--(V5,VV')-2V + i^0 + CV0. (6.17) 

We remark that K and C depend on T only through 5, 6 depends on sup v and, according 
to Theorem 6, when M is compact and < 0, supi; docs not increase with time. 

As we remarked in section 4, when M is compact, there is a solution of (1.1) for a 
maximal interval [0,T[. Let ti G [0,T[. Let us suppose that {xo,to) is the point where g 
attains its maximum for t <ti and < to < ti. 

If 00 := Q{xo,to) > 1, then it has to satisfy < -2 S{to)Qo + {K + C){to) Qo < -2 Sgl + 
(K + C) 90, so 

K + C , 

go < max{naaxg, ,1}. (6.18) 

Mo ■id 

Since and g are bounded, is bounded on [0, T[ with a bound which does not depends 
on T when u < 0, because in this case neither K, C and 6 depend on t. 

Once we achieve the upper bound for 1^4^, it follows, like in [7] and [8], that |V-^^| is 
bounded for every j > 1. If T < oo, these bounds imply (cf. [7] pages 257, S.) that Xt con- 
verges (as t ^ r, in the C°°-topology) to a unique smooth limit Xt- Now we can apply the 
short time existence theorem to continue the solution after T, contradicting the maximality 

of[o,T[. n 



The next is a theorem modulo the existence theorem that will be proved in section 7. 
For this reason, in its hypotheses appears the existence of a short time existence theorem. 

Theorem 10 Let M be complete non compact with a pole xq- Let M = M M. Let us 
suppose that for every graph Aio over M there is a solution of (1.1) with initial condition 
Mo that is a graph and defined on some time interval. Let Mf be a solution of (1.1) defined 
on a maximal time interval [0, r[. If Mq is a C°° graph over M, then T = oo. 

Proof Let r], v and ev be as defined by (5.18), (5.19) and (5.32). For the terms *B and £ 
in Lemma 8 we have the same bounds that in Theorem 9, so we define K and C again by 
(6.15) and (6.16) respectively. Now we shall use the functions (f) and ( defined in Theorem 
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7 and compute the evolution of 4>g for points in Sp^^^T- 

d 



|-a)(*8) = .(|-au + 



dt 



A 0-2(V<^,V0) 



^-2.0^-(v(0.)-.V^,^ 



2^(</.fl)2 + i^</>fl 



+ Cv^v^ - 2 V(00) - 0V0 



(6.19) 



but = 400, then -2a0^^ + 20^^ = 6a^^0 = 6a|VC|^0 = QaQs^^ldJl^"^^'''. 



By substitution in the evolution of (pg, we obtain 



d_ 
dt 



0) < 6a0s^2e2/^"* - ^V((^0) - 0V(^, ^ ^ - 2<5 <^ 0^ + K</,0 



+ C7^^-2^^,V(00) 



= 6a0S^2g2/3nt 

- 2(5 0^ + ir<^0 + cV^V^fl- 
Using VV' = ^'Vv and the expression (3.17) of Vf , 



VV' _ 1 - 



= (1 - 



iV ) Co + AeJ I , then 



(6.20) 



(6.21) 



< 77+ 1^1 = ?7 + 



On the other hand 

s/e2/3-* < (c^e/^»*)' < c^(pi)2 on S,,,^. 
Pluging these inequalitues in (6.20), 

(I - a) (</> 0) < 6ac^(pi)^0 - (vm, ^ + + |V<^| + ^) fl 

- 2,5 0^ + K</)0 + cv^v^. 

+ ^sVfl + (6ac^(pi)' + ?7|V.^| + if./.) + CV^V^ 



(6.22) 



(6.23) 



(6.24) 
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At a point where a maximum for (pQ is attained it follows from the above inequality that, if 
this happens when t ^ 0, 

2<5 fl2 < + (6ac^(pi)2 + r?| V0I + K<^) fl + C 



and, multiplying by 



V5' 



25 ( v^) ' < -^^<P9 + (6ac^(pi)' + r/l V0I + K<^) + Ccf^V^. (6.25) 



having into account that 



2 ' 



we have 



(6.26) 



2'5(V^) < 2V^s^(pi)Vr^ (y^g) 

+ ((6+ ^) « c,(pi)2 + r?2a^s>i)) + Ca^/^ . 

Having into account that s^(pi) < Ci^{pi) and dividing by c^(pi)^, we get 
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Cm(/>i) 



Cm(pi) 



(6.27) 



As the coefficient of 



Cm(Pi) 



is positive, the above inequality implies that 







, < = max{P,maxi/ (^g}. 



(6.28) 



where T> is the biggest solution of the third order polynomial equation given by (6.27) when 
we change the inequality by an equality. V depends on the coefficients of the equation, then 
it only depends on the geometry of M and S. Prom the above inequality we have that, every 
F{x,t) G Spi,T,7 one has 

/a(l - 7)^ 



then, remembering that ^/Q = VV' 1^1 the last inequality (6.26), 



\A\< 



^/a{l - 7) 



(6.29) 
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This shows that, on §p2,T = Spi,r,7; |^| is bounded by a bound C(0, p, 7, T) depending T, 7 
and p (only through (5) and on Mq. 

Prom here, a variant of the procedure used by Ecker, Huisken and Unterberger works. Let 
us give some details of these computations. Let us suppose, by induction, that, on Spj+^.r, 

\V^A\<C{k,p,-i,T) for fc = 0,...,m-l (6.30) 

where C{k, p,'y,T) depends on p, 7 and k (through p2+k), the bounds of |V*A| for < z < 
k — 1 and the geometry of M (the bounds on |V"'-R|, j = 0, A;). 

Following the same procedure of [7] and [8] , we can find a constant Di depending on m, 

n, the geometry of M (that is, the bounds on |v'^-R|, k = 0, ...,m) and the bounds of jV'^'^j, 
k = 0, m — 1 such that 

^IV^^P < AIV'"^!^ - 2\V'^+^Af + Di{\V'^A\'^ + 1) (6.31) 

Next, we define 

/ := |V"^A|2 + e|V"^-^^P, (6.32) 
being ^ a constant to be specified later. For the time derivative of /, (6.31) yields 

^ < A|V"^^p + Di (|V"*A|2 + 1) + ^^|V"*-^A|2 (6.33) 

Observe that the last addend on the right hand side of (6.33) can be estimated using 
again (6.31). In fact, 

fllr/m-l /l|2 

L = A\V"'-^A\'^ - 21 V^ylP + D2, 

at 

being D2 a constant depending on C(m — l,/9, 7, T). 
Substituting this in (6.33), we get 

^ < A/ + (Di - 20|V™^|2 + Di + iD2. 

If we choose ^ > -Di and := Di + ^D2, then 

^<A/-^|V'"^|2 + D3 = Af-U + e\^'^-^A\^ + D^ 

Ot (6.32) 

Considering the same function as before, the same computational rules and the evolution 
of 0, we get 

(^^ - a) (^ /) < -2a/^ - e # + {eCm-i + D^)ct> - 2 ^ ^, V(</./) - /V0^ (6.34) 
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The same computations than in the proof of Theorem 10 give now 

^ - a) (</,/) < 6ac^{pm+iff - (v{cl>f), - C </./ + ieCm-i + Ds)ct> (6.35) 

At a point of where a maximum for (f)f is attained it follows from the above inequality 

that 

</> - 6ac^{pm+i)^)<Pf < {fCm-i + D^)ct>'' < {eCm-1 + D3) ^c^{p^+i)\ (6.36) 



then, at any point in Sp2+m,T = Sp™+i,T,7, since, on these points, ^ > -^C/i(/9^+i)^(l - 7)^, 

A* 

(C ^C^(Pm+l)^(l - 7)^ - 6aCi^{pm+if)(pf < {^,^Cm-l + L>3)^C^(Pm+l)'', 
fl p 

If we take ^ = max{£)i, ^j, we have, for points in §pj^T,7, 

2 

«C^(Pm+l)'4cM(Pm+l)'(l - 7)'/ < (C'<^m-1 + -Da) ^C^(Pm+l)^ (6.37) 
p p 



that is 



/ < (1 -7)"'(e'C^-i + i?3)^ =: C(m,p,7,r), (6.38) 



Finally, by (6.32), iV^Ap < / < Cim,p,j,T) on S^^^^^t- 

Now the final argument cannot be exactly like in the compact case because there, 
to bound dist{F{p,t),xo), one uses integration along t, but here it could happen that 
F{p, t) G Sp2^^^T but F{p, s) ^ Sp2^^^T for s < t, then we do not know anything about 
the bounds of |^| in F(p,t). To avoid this problem, we have to use the parametrization 
F(-,t) of Mf and the equation (4.1) or its equivalent (4.5). From the bounds on v obtained 
in the section 5 and (3.13) we get that the gradient of u is bounded on Sp-^^T- From this, 
formula (4.3) and the above bounds on |V"*^| we get that the higher order derivatives of 
u are bounded. And also from the bounds on v and |^| and formula (4.2) it follows that 
\u{t)\ < |u(0)| + /o ^n\A\ is bounded on Sp2^T- Once we have these bounds, we have, on each 

compact \ xeMt\ -^(p2+m) - — (f(a;))e'^"* > i a well defined limit of Mt when t T, 
which allows to continue the flow after T. Then T = 00. □ 



7 Existence of solution when M is non-compact 

When M is complete non-compact and posses a pole xq, the existence of solution follows 
from the parabolic theory using the estimates of section 5 and 6 in the following way. 
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Given po > 0, let us define p = p{po) by the expression 

-p -p ' 

For any p' > p, by the theory of parabolic equations, there is a unique solution Up' of (4.5) 
on I3{xo,p') X [0,r] satisfying the conditions: 

V(''0) = ^olB(^gy) and Up>{x,t) = uo{x) ioT {x,t) e dB{xo,p') X [0,T]. (7.2) 

From (7.1) one has that if {x,t) G B{xo,po) x [0,r], then {x,Up/{x,t)) G Sp^^^^r and, from 
the estimates (5.37), (6.29) and (6.38) we get that there are constants c{m, p,j,T) such 
that {V^ujil < c{m, p,^,T) and, since p is determined from po and 7 by (7.1), we can say 
that |V™n7^| are bounded by constants C{m, po,'y,T). From these bounds one gets also an 
estimate for \u'p\ in the same way that was done at the end of the proof of Theorem 10. 

du 

Now, observe that, thanks to (4.2) and (6.30), 



at 



is bounded by a constant depending 



only on m, po 7 and T. Prom (4.2), 



is bounded if f , \H\, ||^| and |^| are bounded. 

We proved before that the first two quantities are bounded. The bounds on the other two 
follow from (4.6), (4.7), Proposition 4, formula (3.17) and the fact (proven before) that v, 
\A\, \VA\ , |V^A|, |Vu| and \V^u\ are bounded. 

As a consequence, for every po > 0, the family of C°° functions {upi}pi>p converges 
to a smooth function Up^ on B(xq,pq) which is at least on t and a solution of (4.5) 
on B{xo,pq) X [0,T] (then, by parabolic theory, it is also C°° on t). Given a sequence 
Po < Po < • • • ^ 00, for j > i the families {v}p'>p(pj) ^'"'p'^ p'>pipi)' coincide for 
p' > p{Pq)i then their limits Upi satisfy the property that Upj pi^ = Upi, then they define 
a smooth function n on M which is the C°° limit on the compacts of the family Upi when 
p' 00, and it is a solution of (4.5). Then, joining these arguments with those of the proof 
of Theorem 10 we have 

Theorem 11 Let M be complete non compact with a pole xq- If M = M XipM. and Mq is 
a C°° graph over M , then there is a solution Mt of (1.1) with initial condition Mq which is 
a graph over M and is defined on [0,oo[. 



8 Existence of solution for a Lipschitz initial condition 

The existence of solution of (1.1) when Mq is a graph over M given by a Lipschitz 
continuous function follows by approximating Mq by a sequence of smooth graphs M„ and 
applying the existence theorems 9 and 11 to these approximations. But, in order to show 
that the solutions of (1.1) with initial conditions Mn converge to a smooth solution, we need 
to get bounds of |V"*A| that do not depend on the bounds on the initial condition, because 
these could go to 00 as n ^ 00 because the limit Mq of M„ is only Lipschitz. In this section 
we shall obtain these estimates. 
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Lemma 12 Given a smooth solution of (1.1) defined on [0, T[, for every m = 0,1, 2, ... there 
is a constant am such that 

\V"'A\'<c^m(^-^y^' (8.1) 

on Mt if M is compact or in Sp2+m,r M is non-compact. Moreover, the constant o^rn 
depends on m, the geometry of M and T in the first case, and also on p and 7 in the second. 

Proof First, let us consider the case M compact. For obtaining the bound when m = we 
start using the inequaHty (6.17) to obtain the following inequation for the evolution of tQ 



- AJ (tQ) <-- (V(i0), VV) -2SQ't + K5t + C^t + g. (8.2) 

Given t g]0, T[, let to be the time when tQ attains it maximum value toflo in [Oj t] x M (then 
00 = max-reMtg By the maximum principle, from (8.2) we get 

2S Qlto<{l + Kto)9o + C ^to. (8.3) 

If 00 < 1) then, by definition of maximum, t Q < toflo < to < t, then g < 1 on Mj, and, 
by the definition of g and (6.5), |Ap = < {1 - S)g < 1 - S < 

If 00 > 1) then to^/Qo < *o0o and it follow from (8.3) and the definition of maximum that 
2S9t < 2SQotQ < (1 + (i^ + C)to) <il + iK + C)t), (8.4) 
then, using again (6.5), 

, .,9 1 / ,A + (K + C)t 1 + t , , 

with ao = (1 - (5)(max{K + C, l})/(25). 

Now, let us suppose that (8.1) holds for values of m between and m — 1. Let us show 
that it is true also for m. We start with the well known formulae (cf. [8]): 

^ - IV'"^!^ < -2|V'"+^^|2 
+ Dm{ Yl |VM||V^.4||V'=^||V™^| + Yl Iv^^llv^iiiiV"^! + \V'^VR\\V"'A\ j , 

\i+j+k=m i+j=m J 

(8.6) 

where D is a constant which depends only on m and n. Also, by repetitive use of the Gauss 
formula for a submanifold, for the restriction of any tensor field 5 on M to Mt one has 

k 

\/''B = V''B + Y^ Y1 V'°B*\7''A*---*V'iA, (8.7) 

j=l io+h+...+ij=k-j 
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If, for every k, [v'^Bl is bounded in M by some constant bk, from (8.7) and the induction 



where " * " has the same meaning that in [8]. 

If, for every k, [v'^Bl is bounded in M by s 
hypothesis we obtain, renaming the constants each time we need, 

\V^B\ <bk + c{n, k)J2 h-j-{h+...+^,) ("ii • ■ ■ ai^f^^ 



^A;-j-(ii+...+i,) ("ii • ■ ■ f^ij)'^^ [ ) 

3=1 ii+...+ij<k—j 

<bk + c{n,k,M,T)i — ] <bk 

where bk = m.dx{bk,c{n, k, M ,T)}. 

Like in [3], we consider the function = t"*+^|V"*Ap + ^t"^[\/'^~^A\'^, where ^ is some 
constant that will be defined later, and estimate its evolution with time under (1.1). Using 
(8.6), we get 

^ - < (m + l)nV"^A\^+ (8.9) 

+ ^^"+1 j _2|V™+M|2 + I \V'A\\V^A\\V^A\\V"'A\ (8.10) 

\ \i+j+k=m 
i+j=m J J 

(8.11) 

+ -2|V™^|2 + L'„^_i I |VM||V^'^||V*^A||V"^-M| (8.12) 

+ Y |VM||V^i?||V'"-^A| + |V"*-^Vi?||V'"-M| j j (8.13) 

i+j=m-l j j 

From the induction hypothesis, and because < {t^l'^\V^A\ - f^l'^\V^A\f = i'=|V'=^p + 

^m|ym^|2 _ 2t''/^\V^ A\t"'/'^\V"'A\, 



\V'A\\V^A\\V''A\\V"'A\<r+^ («i«j)^^^^^i2 |V'=A||V'"^| 

i+j+k=m i+j+k=ra ^ ^ 



= cX](l + i)'^+'i''/' |V*^y4|r/V"^l 

k=0 
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/ j-k j.m \ 

< (c/2)(i + tr^^ j: ((TTtF'^'^'' ^ (TT^I^"^^!') 

j-fc fm \ 

< (m + 2)(c/2)(l + 5^ ^_^| v'^^p. < c^(l + ^ ^-^iv'^^p (8.14) 



For the second summand in (8.13), denoting by Vj the analog of hj in (8.8) when B is R, 
using (8.8) and the induction hypothesis 

i+j=m i+j=m 

= (1 + t)"*+^d^ + d„t"^+^|V"*A|2. (8.15) 
Analogously, denoting by rj the analog of bj in (8.8) when B is Vi?, 

fm/2 

^m+l|ymy^||ym^| < ^ ^(m/2)+l j;^|V™yl| = (1 + t)™ t f„^ , /o |V"^| 

(1 + i)'"/^ 

< (1 + 1)- i (^1 + (YTo^l^'^l'J (8-16) 

and 

m-l J. 

fm J- |VM||V^-^||V^^||V™-M| <c„_i(l + t)-5^ — — ^iV'^Ap (8.17) 

i+j+k=m-l k=0 ^ ' 



j.m 

fm ^ |VM||V^i2||V"^-i^| < (1 + t)™d„_i + d^_i(l + t)'"7j:p^|V"*-^^P (8.18) 

i+j=m—l 



31 



By substitution of all these inequalitues in (8.13) we get 



k=0 



(1 + ^)^ 



m-l 



fe=0 

j.m 

Using again the induction hypothesis, grouping terms and renaming constants, 

(^^ - < (^(m + 1)^ + DmcJ-^ + Dmdm + - IV^^p 

+ DraCra^—J ^ "fe + ^m(l + tj'^+'d^ + -Dm(l + t 

k=0 

(l + t)m+l'^l 
+ 4 m ^ am-l + Djn-l^Cm-l 2^ Ofe 

+ + t)"^-^ t fm-l + e^m-l(l + tr fm-lOtm-1 (8.21) 

Let us rename DmCm = Cm, Dm{dm + fm) = -E'm, and let us define ^ by 

2^ = m + 1 + Cmil + 2r) + EmIT (8.22) 
With this choosing of ^, the coefficient of t"^+^|V™ylp in (8.21) is bounded from above by 

Cm^-^^ + Em(l-2^y^=Fj—^<Q. (8.23) 

From (8.6) to (8.23) the computations are valid for compact and non-compact cases. 
When M is compact, let t g]0,T[. Let to £ [0,t] where attains its maximum value. At 
the point {p,to) where this happens, it follows from (8.21), (8.22), (8.23) and the maximum 
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principle, renaming again all the constants, that 



° ' ' - V 2r - to 2T-to { 



2T-to 2T-to {l + to){2T -to) 



{l + to){2T-to) (1 + to)(2r - to) 
+^7^rrrT^L^^l (i + ^0)"^+' (8.24) 



(l + to)'(2r-io) 
Then, by the definition of maximum and because to <t < T 

< (ciT + C2 + Ca^^ (1 + tr+^ + K{1 + tr+^ 

<lC{l + tr+\ (8.25) 

which finishes the proof by induction of the formula (8.1) when M is compact. 

If M is non-compact, we start using the inequality (6.24) to obtain the following inequa- 
tion for the evolution of t<pQ 

I - a) (t</.0) < - (v{tcl>Q), ^ + 2^^ - 26 t cl> + ^ t 

+ {<dac^,{Rf + r?| V<^| +K(P)tQ + Ct + g. (8.26) 



Given t g]0, r[, let to G [0,t] be the time when t0g attains it maximum value to00o in Sp\,t 
(then 000 = ™aXxeSpj,tp '/'S(a^) a-^id to 7^ 0). By the maximum principle, from (8.26) and, 

multiplying by ^ ^ , we get 
-\/0o 

25 (v/^ii^)^ < ^1^^ *o'^flo+ (6aC;,(-R)' + r/|V0| + K^) to^ft^o 

+ C(Vi^)'(y^)'V0yto^. (8.27) 
Having into account (6.26), that ^^(^p\) < c^(/9i) and dividing by c^(/9i)^, we get 

25 f V - 2V^vr^ ' 



C/.(pi) J V c^(Pi) 

- f f + ^ V + — V + ^1 - Ca^^'—,T < 0. (8.28) 

Prom now, arguing like after (6.27), since now t(j)g is at S'pi,o, 



VCm(Pi)/ V C/.(pi) y a(l-7)2 
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This shows that, on Spj^y^^, t\A\ is bounded by a bound depending T and pi (only through 
S) and on Mq (only through the maximum of v in §pi,r)- Renaming the constants, and, 
since 1 < 1 + t, 

t\Af < ao(l + t) on §p,,T,j = Sp^.T- 

This proves (8.1) for M non-compact and m = 0. To prove it for every m we consider 
the evolution of (pfm- From (5.30) and (8.21), computing like we did for getting (6.19) and 
renaming some constants, 

(I - a) i^U < ^ ( + cJ-±' + - ^e) t--^\V-A\^ 

n _|_ f\m+2 

+ c^—^ — + p(i + tr+^ + 6(1 + tr t 



+4 + jri^±*Z^ + g{i + 1)'" + 7^(1 + t)™-i t 

-2a fJ^-2(^^,V{ct)fm)-fm^(t>y (8.30) 



Prom here, reasoning like we did from equations (6.34) to (6.38), but taking, at the end, 

T 

■(1-7)^ 

am{'i- + t)"^~^^ on §pi_,_^,r,7, which finishes the proof by induction for the non-compact case. □ 



C = m + 1 + Cm{l + 2T) + £;^2T + 3 ^^^ _ (instead of (8.23)), we get t'^+^\V"'A\'^ < 



Theorem 13 Let M be complete (compact or not). If M = M x^M. and Mq is a Lipschitz 
continuous graph over M, then there is a solution Mt of (1.1) with initial condition Mq 
which is a graph over M, is defined on [0, oo[, and Mt is smooth for every t g]0, oo[. 

Proof Wc shall write the details for the case M non-compact. When M is compact the 
arguments are similar, simplified by the fact that we can take always M or M^ instead of 
B(2:o,po) or Spj,,t,7 respectively. 

Let Ml; be a sequence of smooth manifolds given by smooth graphs itfc over M and 
converging to Mq. For each M^, let M^t be the smooth solution of (4.1) which has M^ as 
initial condition, which exists and is defined for t G [0, oo[ by theorems 9 and 11. Each M^^ 
is represented by the graph of a function Uk{-,t) which is a solution of (4.5) with the initial 
condition Uk{-,0). 

Given po > and T > 0, let us define p by (7.1). It follows from (5.37) and (3.13) that 

\Vu,\ < c on §J,^,, = {{x,Uk{x,t)y, "/-(^((^^"^(^'^))) < ^^e-^"*,i G [0,T]}, (8.31) 

fx p 

where c is a constant which depends only on po (through p), 7, T, an upper bound of v on 
Q C Mfe and the bounds of tp. Since Mq is Lipschitz, v is bounded on the corresponding 

C Mq. Since the M^ converge to Mq, the maxima of v on S^g ^ will be near 
the maximum of v on Sp^o C Mq for k big enough. Then we can take the constant c 
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in (8.31) independent of k. From the definition of p, if {x,t) G B(xo,po) x [0,7"] then 
{x,Uk{x,t)) G Sp,r,7 and (8.31) holds on B{xo,R) x [0,r]. 

The same argument as given at the end of last paragraph shows that, by Lemma 12, 

|V'"^|2<a„f^J onB(xo,po)x]0,r], (8.32) 

where the constants depend only on m, po, 7 and T. 

Now, let us consider the functions Ukp^ix, t) = Ukl^^^^o po)x[o t](^' Through the relation 

between u and A, the bounds (8.31) and (8.32) give that for every t G]0,r], there are 
constants P{m,t, pojTjj) depending only on m, t, po, T and 7 such that 

\V'^Ukpo{;t)\ < p{m,t,po,T,j). (8.33) 

then, by the Ascoli-Arzela lemma, for each t and each po, there is a subsequence UkpQ{-,t) 
which converges to a function Mopo(''^)- 

If we consider the UkpQ{-,t) and UQpf^(-,t) as functions of t, the same arguments used in 



section 7 (now with bound (8.1)) show that 



du 



dt 



and 



are bounded on B(xo, po)) x [to, T] 



by a constant depending only on to > 0, po, T and 7, but not on k. Once we know that, 
wc can conclude that the limit u = uopf.^ is, at least, of class on t and, since all Ukp„ 

satisfy equation (4.2) on B(xo, po)) x [to, T], also does ttopo- Taking po and T bigger, we have 
sequences of functions satisfying similar conditions and which coincide with the older ones 
for the older values of po and T, then for these new values of po and T we have a new limit 
function which coincides withe the older limit when restricted to the older values of po and 
T. Letting po an T go to infinity and to to 0, this gives a function uo which is a solution of 
(4.2), satisfies the initial condition uo(-,0) = the function defining Mq as a graph, and, for 
every t g]0,oo[, uo{-,t) is C°° as a function of M. □ 



9 Some results on convergence 

Lemma 14 Let M be a complete (may be compact) riemannian manifold, with bounded 

sectional curvature ko < Sec < k < and having a complete totally geodesic hypersurface 
M. Let Mt he the evolution of a complete hypersurface Mq at time t by (1.1). Let us suppose 
that, for every x G Mo, the distance £{x) from x to M is bounded from above by some constant 
Iq. If M is non-compact, we add the hypothesis that the norm \At\ of the Weingarten map 
At of the hypersurface Mf is bounded by a constant (depending on t). Then, one has 

Sk(W^,0))<Sk(4)e'="* (9.1) 
Proof A calculation similar to that done before for u, but now for £ is 

{VH){E,,E^) = {VE,Vi,E,) = {VeASi - {de,N)N),Ej) 
= {VEA,Ej) + {de,N) h{E,,Ej) 

= {^E,-{E,,ae}dA^ Ej) + {di, N) h{Ei, Ej) (9.2) 
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and, using (2.3), one gets 



i 

>-k^^^(n-\d]\'') + {di,N)H. (9.3) 

Then, for the evolution of Sk(-^) := Sk o £ one has 

= Ck(^) H {de, N) < Ck(^) Ae + ks^{£) (n - \djf 
= Ask(^) - (-A;sk(^)|57|2) + k Sk(^) (n - \dj\^) 
= Ask(^) + nk Sk(^) (9.4) 

If M is compact, then the maximum principle states that £ is bounded by the solution of 

the ODE Sk(^)' = n k Sk(^) with the initial condition ^(0) = £o, which is Sk(-^) = Sk(4)e"*^*, 
from which the statement of the theorem follows. 

If M is non-compact, let us consider first the evolution of £, which follows from (9.3) as 
above 

ft = ^ (*-^' ^ + - i^'^iO s A' + *^(" - 1) s 

we observe first that the added hypothesis implies that we can apply the maximum principle 
for noncompact manifolds given in Lemma 3 to / = ^ — ^o- In fa^t, our hypothesis, together 
with the hypothesis A;o < Sec and the Gauss formulae give that the sectional curvature of 
each Mf is bounded from below, which shows that the hypothesis on the growing of volume 
of geodesic balls of that Lemma is satisfied. Conditions (i) and (ii) are obvious. Condition 
iv) follows from the evolution equation §j.g = —2Ha and the added hypothesis. Condition 

(iii) follows from |V^| < 1 and the fact that dfit < — dfie, where A is determined by /xq 

and the upper bounds of \At\ and d/ie is the euclidean measure. Then we can conclude, from 
the quoted theorem, that £ — £o < fov all time. 

Once we know that £ is bounded, we can study the evolution of u = Sk(^) — Sk(^o)e"*^*, 
which, from (9.4) is 

du , , , , 

— = Au + nku, (9.6) 
ot 

and, again, this equation satisfies the conditions of Theorem 4.3 in [4], the only condition 
that has to be checked now is (iii), which follows because \Vu\ = Ck(^)|V£| < Ck(^o) a-nd 
now we know that £ < £o. Then, as before, we can conclude that u < and the theorem is 
proved. □ 

With the same notations (5.18) and (5.19), we have 
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Theorem 15 Let M be compact. Let Mt he the solution of (1.1) defined on a maximal time 

interval [0,T[. If M = M Xu^M., > —fii > Sec > /^i ^2 ^ graph over M, 

n — 1 

t/ien Mt is a graph, T = oo and Mt converges in the C°° topology to M x {0} as t ^ oo. 

Proof Notice that the hypothesis on the lower bound of Sec is equivalent to < 0, then, 
from theorems 6 and 9 it follows that both v and |V*A|, i = 0, 1, ... are bounded by some 
constants not depending on time, then, by Ascoli-Arzel, the Mt converge to some limit M^. 
The hypotheses — /ii > Sec implies —fii > Sec, then we can apply Lemma 14 to conclude 
that Moo must be at distance from M, then it must be M. □ 



Theorem 16 Let M be complete non compact with a pole xq. Let Mt be the solution of (1.1) 

defined on a maximal time interval [0,T[. If M = M x^R, > —fix > Sec > , 

Mq is a graph over M with \A\'^ bounded, then Mt is a graph, T = oo and Mt converges in 
the C°° topology to M x {0} as i ^ oo. 

Proof Looking at (5.38) and at the proof of Theorem 10, one observes that, when v and 
|VM|, i = 0, 1, are bounded on Mq, then both v and |VM| are bounded by some constants 
depending on time, but not on R. Then, we can apply Lemma 3 to the evolution equation 
(5.1) satisfied by v when u <0 to conclude that v is bounded by a bound not depending on 
time. Using this fact in the proof of Theorem 10, we see that the bounds of |V*A| do not 
depend on time, then, as above, we can apply Ascoli-Arzela to conclude that Mt has a limit 
Moo, and, using Lemma 14 as before, we conclude that Moo must be M. □ 



10 Appendix: About the flow in R x^^ M 

When we consider the ambient space M = M M, that is (M x M,g = du^ + ip{u)g), 
where (f : M — > M. If we consider the evolution under (1.1) of a hypersurface Mq which is a 
graph over M we obtain for v = {N, dy)~^ the evolution equation 



(^-)\^-. (10.1) 

where Ric-^ is the Ricci curvature in the direction Vu. 

The term 2Hv in this equation do not allow to apply the maximum principle as we 

did with (5.1) and, in fact, can be considered as the analytical reason why the property of 
being a graph is not preserved in general under the MCF in M x^ M. 

Looking again at (10.1) it is possible to think that we can get interesting results for 
hypersurfaces satisfying that the sign of H and the sign of ip' is the same. But this condition 
has many drawbacks : 



^ = Av- -iVuP + 2— Nv, Vu) - —2Hv'^ 
at V if ^ 

-(-^)(%^-^)»-i.i=»- 
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1. A computation shows that if Mq is the graph of a function u, 



Then, when M is compact, it fohows from this formula and the maximum principle 
that H has the same sign that (p' if and only if n = 0. 

2. When M is non-compact, the known proof (for the euclidean space) given in [4] that 
the sign of H is preserved uses the bounds of \A\, and, for them, bounds of v are also 
used. But in our case, are just the bounds of v which we do not know. 

Another idea of why it is easy that the property of being a graph is preserved for M x M 
and not for M M is given by the following pictures. In both M = TC^ and ip{u) = coshu 
for the first and (p{x) = cosh(dist(xo, x)) for the second. Then M = Tl^'^^ in both, but 
a graph for the first one corresponds to the sense of graph in this appendix (a graph for 
geodesies) and the second one corresponds to a graph in the sense o the previous sections of 
this paper, that is a graph for "equidistant" curves. 
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